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Abstrat

Alpha-Beta is a well known optimized algorithm used to ompute the val-

ues of lassial ombinatorial games, like hess and go. The known proofs of

orretion of Alpha-Beta do rely on very spei� properties of the values used

in the lassial ontext (integers or reals), and on the �niteness of the game

tree.

In this paper we prove that Alpha-Beta orretly omputes the value of a

game tree even when these values are hosen in a muh wider set of partially

ordered domains, whih an be pretty far apart from integer and reals, like

in the ase of the lattie of idempotent substitutions or ex-equations used in

logi programming.

We do so in a more general setting that allows in�nite games, and we atually

prove that for potentially in�nite games Alpha-Beta orretly omputes the

value of the game whenever it terminates.

This orretness proofs allows to apply Alpha-Beta to new domains, like on-

staint logi programming.

1 Introdution

Game theory has found various appliations in the researh �eld of programming

languages semantis, so that game theory is a very ative researh subjet in om-

puter siene. After the preliminary works of Lamarhe [6℄, Blass [2℄ and Joyal [5℄

in the early 90s, the works of Abramsky, Malaaria and Jagadeesan [1℄ lead to the

�rst fully abstrat semantis for funtional (PCF) or imperative (Idealized Algol)

languages. Then, more reently, speialists of Linear Logis got interested in links

between games and the geometry of interation [7℄, whereas Curien and Herbelin

showed that ertain lassial abstrat mahines ould be interpreted in terms of

games [3℄.

But these relevant works use more the voabulary of games (player, move, game,

strategy) than the results and the tehniques of traditional Game Theory: typial-

ly, nobody is interested to know, in those games, if there is a winner, and what

he wins; the fous there is on the dynami aspet of player interation, and game

omposition, not on the only interesting notion of lassial game theory, the gain.

This should not be taken as a ritiism, but as proof of the rihness of Game The-

ory, whih an be useful even when one only takes its voabulary: the generality

of the onepts it manipulates (arenas, multiple and independent agents, strategies

of ooperation or of non-ooperation, quanti�ation of the remuneration after eah
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game) and their intuitive nature, already provide a powerful metalanguage that

allows to takle many of the aspets of modern programming languages.

In a paper written with S. Niolet [4℄, the authors showed for the �rst time that

lassial notions like payo�, propagation funtions and evaluation of a game tree

are not sterile in the semantis of programming languages, by introduing a two

player ombinatorial game whose value, de�ned by means of von Neumann's Mini-

Max theorem [8℄, is the result of the exeution of a logi program. In that work, we

had to introdue an ad ho framework to deal with substitutions as game values,

and to prove the orretness of this game semantis with respet to the traditional

C-semantis of logi programs.

In this paper, we present a general framework for lassial two player games,

but relaxing many traditional restritions: in�nite plays are allowed, values are no

longer required to be totally ordered, and propagation funtions an be hose from

a wide set of andidates. In this setting, the formal de�nition of the value of a game

is given.

Then, we fous on the problem of eÆiently omputing the value of the game, by

using the Alpha-Beta algorithm, not just on the existene of the value as formally

de�ned.

Surprisingly enough, we an show that the Alpha-Beta algorithm omputes the

orret value of the game under a few general assumptions on the domain of values,

thus greatly broadening its appliability: it an be, for example, used as a ompu-

tational engine for logi programming.

But we do not ontent ourselves with proving orretness of Alpha-Beta on

games whose value domain is more abstrat than the usual integers and reals; we

go muh further by introduing the notions neessary to deal with potentially in-

�nite games, and we prove that Alpha-Beta is (partially) orret on potentially

in�nite games: whenever it terminates, it omputes the value of the game. This

step takes us out of the usual domain of ombinatorial game theory, where game

trees an be huge but not in�nite, and this is, to our best knowledge, the �rst or-

retness proof in this setting.

Then, we present an appliation to logi programming, and exhibit an example

where Alpha-Beta gives us a signi�ant gain in performane.

Finally, we onlude with a seletion of future diretions for researh and applia-

tion.

2 An abstrat theory of two players ombinatoris

games

In this setion, we introdue our formal framework for two player games, together

with some fundamental notions, like that of a game-tree and the value of a �nite

game. We then present the notion of an approximation of a game value, as is found

in the theory of ombinatorial games like hess or go, whih are too big to be fully

developed, and use it as a key notion to extend the framework to deal with in�nite

games too.
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2.1 The rules of the game

A two player game is the simplest game in ombinatorial Game Theory: we �nd

two players, Player and Opponent, eah opposed to the other, that play in turn

one after the other and that must behave rationally (i.e. their move are determin-

isti, and they both seek to win). The game is assumed to be �nite, and one one

knows the terminal position in a play, the gain (or loss) of eah player is known

also; besides, what one looses, the other wins, so there always is preisely one winner.

A game is given one one knows its \syntax", that is the set of all possible plays,

and its \semantis", that is the value of eah of these plays (what Player gains or

looses towards Opponent). We will formalize eah of these aspets in turn, starting

here from the \syntax".

2.2 Basi de�nitions: syntax

There are two ways of knowing all possible plays, either by giving them extensively

as a set, an approah quite unadequate to handle real-world games where this set

an be enourmous, even if �nite; or by giving a set of \positions" and \rules" that

allow to produe all possible plays (like in hess or go).

We will take in what follows this seond approah: the following de�nitions are

essentially the traditional ones.

De�nition 2.1 (Syntax of a game) The syntax of a game is formally de�ned as

a tuple

G = (WPOS; BPOS; IPOS;R)

Here WPOS is the set of Player position, while BPOS is the set of opponent posi-

tions and we write POS for the disjoint sum WPOS �BPOS, and � for a generi

position in POS. The third omponent, IPOS � POS is the set of initial posi-

tions in the game. Finally, R � POS � POS is a loally �nite (i.e. only a �nite

number of pairs in the relation an share their �rs omponent) transition relation

that represents all the possible moves in a play as transitions betwee positions.

We require that the moves in the game are alternating, that is to say that whenever

(�; �

0

) 2 R we have that if � is a player position, then �

0

is an opponent position

and vieversa.

It is often useful to introdue an auxiliary funtion su : POS ! 2

POS

, de�ned

as su(�) = f�

0

j �R�

0

g that expliitly gives the possible moves out of a given

position.

One the syntax of a game is known, we have all the neessary information to

determine when a game is �nished (we have reahed a terminal position, or not).

De�nition 2.2 (Terminal, non terminal positions) Given a game G, we iden-

tify the following derived notions

terminal positions TPOS = f� 2 POS j not 9�

0

suh that � ! �

0

g

player terminal positions WTPOS = TPOS \WPOS

opponent terminal positions BTPOS = TPOS \ BPOS

nonterminal positions NTPOS = f� 2 POS j 9�

0

suh that � ! �

0

g

player terminal positions WNTPOS = NTPOS \WPOS

opponent terminal positions

BNTPOS = NTPOS \ BPOS
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Finally, all the possible plays starting from a given initial position an be rep-

resented as a tree, known as a game tree.

RIVEDERE LA

DEFINIZIONE!

De�nition 2.3 (Game tree) A game tree �

�

, for an initial position �, is a tree

having positions as nodes, and representing all possible plays starting at �. It an

be de�ned formally by indution.

Sine Ris loally �nite, the game tree is �nitely branhing.

A game is �nite if its game tree is, in�nite otherwise.

2.3 Basi de�nitions: semantis

It is now time to turn to the essential aspet of a game in lassial game theory:

its value. To eah terminal position, whih is reahed when a play is omplete, is

assoiated a gain for Player, taken out of some domain D (traditionally, the inte-

gers), given by an evaluation funtion h. Of ourse, this gain for Player is atually

a loss for opponent, and given a set of possible moves, Player hooses the move that

maximizes its gain, while Opponent hooses the move that minimizes its loss; this

rational hoie an be abstrated by two funtions " and # on the domain of values.

All these elements give us the semantis part of the game.

De�nition 2.4 (Evaluation struture) An evaluation struture is a tuple

(D ; " ; # ; h)

where D is the domain of values, ": D

n

! D and #: D

n

! D are funtions of all

�nite arities n � 1 materializing the rational hoies of Player and Opponent, and

h : TPOS ! D is the evaluation funtion giving the value ( gain) of eah terminal

position.

Given an evaluation struture, it is possible to ompute the value of any �nite

game (this de�nition mirrors the traditional one).

De�nition 2.5 (Value of a �nite game) The funtion V al : POS ! D de�ned

as follows asoiates to eah position in a game its value:

V al � = h(�) if � 2 TPOS

V al � = " V al �

0

if � 2WNTPOS

�

0

2moves(�)

V al � = # V al �

0

if � 2 BNTPOS

�

0

2moves(�)

2.4 From huge to in�nite games

Lukily, many �nite games, like hess and go, are so huge that omputing their

value is not feasible. This is why one needs sometimes to try to ompute an ap-

proximation of the value of a game from a given position. For that, we simply stop

exploring the huge tree at some internal nodes, whose value is arbitrarily provided

by some heuristi funtion. We will see that, while heuristis are simply useful to

approximate the value of huge �nite games, they are essential to de�ne the value of

an in�nite game.

But to ompute approximations, one needs to be able to ompare values, that is, in

what follows we assume that D is atually equipped with a partial order relation

�.
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2.4.1 Heuristis and approximations

An heuristi funtion is just a funtion of type NTPOS ! D assigning arbitrary

values to nonterminal positions in a game, but only some heuristis are interesting,

and one usually distinguish between optimisti and pessimisti heuristi aording

to the ability of the heuristi to provide approximation gretaer of, or inferior to, the

atual value.

De�nition 2.6 (Admissible heuristis) An heuisti funtion ' : NTPOS ! D

is an admissible pessimisti heuristi (resp. admissible optimisti heuristis ) for a

�nite game i� 8� 2 NTPOS: '(�) � V al � (resp: �).

Unfortunately, determining if an heuristi is admissible an be quite hard, and

another de�nition an be more useful in pratie: we say an heuristi is monotone

if the approximation it provides are oherent among themselves.

De�nition 2.7 (Monotone heuristis) An heuristi funtion ' : NTPOS ! D

is monotone pessimisti (resp. monotone optimisti) i� :

8� 2 NTPOS:

�

'(�) � h(�

0

) 8� ! �

0

s:t: �

0

2 TPOS (resp: �)

'(�) � '(�

0

) 8� ! �

0

s:t: �

0

2 NTPOS (resp: �)

One we have an heuristi, we an build out of our evaluation struture a stru-

ture useful to ompute approximations.

De�nition 2.8 (Approximation struture) A pessimisti approximation stru-

ture (resp. optimisti) is a tuple

(D ; � ; " ; # ; ; h ; ')

where (D ; " ; # ; ; h is an evaluation struture, and suh that the funtion

'

0

: POS ! D de�ned as '

0

= '� h satis�es:

'

0

(�) � " '

0

(�

0

) if � 2WNTPOS (resp: �)

�

0

2moves(�)

'

0

(�) � # '

0

(�

0

) if � 2 BNTPOS (resp: �)

�

0

2moves(�)

If D ontains a minimal element ?, the heuristi ��:? will give us a anonial

pessimisti approximation struture. Similarly, if D ontains a maximal element >,

the heuristi ��:top will give us a anonial optimisti approximation struture.

The monotoniity property is interesting beause of the following result.

Proposition 2.9 (Monotoniity and approximations) If (D;�) is a distribu-

tive lattie, and we take "= _ (the sup) and #= ^ (the inf) on D, then any mono-

tone pessimisti heuristis (resp. optimisti) gives raise to a pessimisti approxi-

mation struture (resp. optimisti).

One we have an approximation struture at hand, we an ompute an approxi-

mation of the value of a game, by utting the tree branhes at some internal nodes,

obtaining another (smaller) tree, and omputing the value of this ut tree. Of ourse,

the approximation thus omputed depends on where the ut atually take plae, so

an approximation struture really gives rise to a whole set of approximations. This

an be put more formally as follows:
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De�nition 2.10 (Set of approximations of a game (SetOfV al

'

)) Given a game

G and an heuristi ' : NTPOS ! D, we de�ne the approximation funtion for the

game G, relative to ', written SetOfV al

'

: POS ! 2

D

, as the smallest funtion

S : POS ! 2

D

(w.r.t. to the pointwise partial order on POS ! 2

D

derived from

the partial order � in 2

D

) suh that:

1. S(�) ontains h(�) if � 2 TPOS

2. S(�) ontains the element '(�) if � 2 NTPOS

3. S(�) ontains the element

n

" v

i

i=1

if � 2 WNTPOS , where moves(�) =

f�

1

; �

2

; : : : ; �

n

g and v

i

2 S(�

i

)

4. S(�) ontains the element

n

# v

i

i=1

if � 2 BNTPOS , where moves(�) =

f�

1

; �

2

; : : : ; �

n

g and v

i

2 S(�

i

)

We remark here that SetOfV al

'

(�) is well de�ned for all positions � as its value

is the least �xed point of a monotone funtion over the omplete lattie 2

D

, whih

always exists due to Knaster-Tarski's �xpoint theorem.

Atually, this really de�nes a funtion SetOfV al : (NTPOS ! D)! POS ! 2

D

,

whih we will apply to monotone heuristi funtions in order to obtain a set of

approximations having a reasonable algebrai struture.

Proposition 2.11 (Algebrai struture of the monotone approximations)

If (D ; � ; " ; # ; ; h ; ')is a pessimisti approximation struture (resp. opti-

misti), then for all position � 2 POS the set SetOfV al

'

(�) 2 2

D

is an upper-

semi-lattie (i.e. 8x; y 2 S:x _ y 2 S) (resp. lower-semi-lattie).

Moreover, if the game is �nite, then SetOfV al

'

(�) ontains its upper (resp lower)

limit V al �.

To put it in other terms, for �nite games, given any monotone pessimisti heuris-

ti h

pess

and any monotone optimisti approximation h

opt

, we have that

SetOfV al

h

pess

(�) \ SetOfV al

h

opt

(�) = V al �

Example 2.12 In the following piture, we give the game tree of a �nite game (on

the left), and three smaller game trees obtained by utting the full tree at some

positions. The evaluation domain D is Nat �Nat with � the lexiographi order

and we use the trivial heuristi h

pess

= ��:(0; 0). Eah tree is labelled with its

valuation (the values of the trees on the right approximations in SetOfV al

h

pess

(�):

notie that the set of approximations is not totally ordered. Terminal nodes are

grey, no terminal are white; player nodes are irles, opponent nodes are squares,

and ut nodes are rossed.

T T1 T2 T3

(0,0)

(0,0)

(1,2)

(1,2)

(0,3) (0,3)

(0,3)

(1,2)

(1,3)
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2.5 In�nite games

The framework set up to approximate the value of huge games an be used as is

to handle in�nite games too. Indeed the SetOfV al funtion, de�ned as we did, is

well de�ned both on �nite and in�nite games. This allows us to formally de�ne

two anonial approximations of the value of an in�nite game, as partial funtions

assigning to eah position the limit of its approximations, if it exists.

De�nition 2.13 (Limit values of a game) If h

pess

is a monotone pessimisti

heuristi, and h

opt

is a monotone optimisti heuristi, then

V al

h

pess

�

:

= sup SetOfV al

h

pess

(�) V al

h

opt

�

:

= inf SetOfV al

h

opt

(�)

where we write x

:

= y for \x is equal to y if y de�ned".

If they oinide, that de�nes the value V al � of the in�nite game on �.

Notie that V al

h

pess

is de�ned everywhere if the domain is a omplete partial

order (CPO), and V al

h

opt

is de�ned everywhere if if the domain is a o-omplete

partial order (o-CPO). Also, on �nite games both approximations oinide with

the value of the �nite game.

Proposition 2.14 (Relating approximations) Given an evaluation struure and

two monotone heuristis h

pess

and h

opt

(�), one pessimisti, the other optimisti,

suh that h

pess

(�) � h

opt

(�) for all non terminal positions �, then we have that

h

pess

(�) � y 8y 2 SetOfV al

h

opt

(�) h

opt

(�) � x 8x 2 SetOfV al

h

pess

(�)

for all non terminal positions �.

Proof. We give the proof of the �rst inequation by indution on the de�nition

of y 2 SetOfV al

h

opt

. The seond inequation is proved similarly.

� Base ase: y = h

opt

(�) and h

pess

(�) � y by hypothesis

� Indutive step: suppose � 2 WNTPOS (the ase � 2 BNTPOS is similar);

we have that y =

n

" y

i

i=1

where y

i

2 SetOfV al

h

opt

(�

i

). Sine (D;�; "; #

; h

pess

) is an approximation struture, we have : h

pess

(�) �

n

" h

pess

(�

i

)

i=1

,

and by monotoniity of " plus the indution hypothesis, we obtain h

pess

(�) �

n

" y

i

i=1

= y.

Corollary 2.15 (Finite omputations for in�nite games) Under the hypoth-

esis of the previous proposition, we only have two possible ases

1. SetOfV al

h

pess

(�) \ SetOfV al

h

opt

(�) = fvg where v = V al �

2. SetOfV al

h

pess

(�) \ SetOfV al

h

opt

(�) = ;

The �rst ase gives us a suÆient ondition to stop the omputation of the ap-

proxiamtions on an in�nite game tree: as soon as the intersetion is non empty, we

know we have the value of the game, without needing to fully ompute the set of

approximations.

We will use these properties in our analysys of the Alpha-Beta algorithm on

in�nite games.
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3 The Alpha-Beta algorithm

3.1 Sequential version

funtion AlphaBeta(� : Pos ; �; � : D):D

begin

if � 2 TPOS then return(h(�));

if � 2WNTPOS and moves(�) = f�

1

; : : : ; �

n

g then begin

v := � " h

pess

(�);

i := 1;

while (not v � �) and (i � n) do begin

v := v " AlphaBeta(�

i

; v; �);

i := i+ 1;

end;

end;

if � 2 BNTPOS and moves(�) = f�

1

; : : : ; �

n

g then begin

v := � # h

opt

(�);

i := 1;

while (not v � �) and (i � n) do begin

v := v # AlphaBeta(�

i

; �; v);

i := i+ 1;

end;

end;

return(v);

end;

3.2 Theorem (orretness of Alpha-Beta)

Lemma 1 (Inserimento). Supponiamo he (D;�) sia un distributive lattie e

siano "= _ il sup e #= ^ l'inf del dominio D. Allora:

8�; �; x:

�

� " [� # x℄ = � " [� # (� " x)℄

� # [� " x℄ = � # [� " (� # x)℄

Proof. Per la prima equazione:

� " [� # (� " x)℄ = � " [(� # �) " (� # x)℄ = � " (� # x)

distributive (�#�)��

L'altra tesi per dualit.

Def. (Equality modulo ��). Let us denote by AlphaBeta(�; �; �) =

��

z

where z 2 D, one of the following equations over D, aording to the type of the

position �:

� " [� # AlphaBeta(�; �; �)℄ = � " [� # z℄ if � 2 WPOS

� # [� " AlphaBeta(�; �; �)℄ = � # [� " z℄ if � 2 BPOS

Theorem Supponiamo he (D;�) sia un distributive lattie e supponiamo di is-

tanziare il metodo astratto AlphaBeta on "= _ il sup e #= ^ l'inf del dominio D

e di avere delle euristihe h

pess

e h

opt

monotone (resp. pessimista e ottimista) e

tali he h

pess

(�) � h

opt

(�) pour toute position � 2 NTPOS. Then, for all position

� 2 POS; and for all �; � 2 D, if the funtion AlphaBeta(�; �; �) terminates, then

there exist x 2 SetOfV al

pess

(�) and y 2 SetOfV al

opt

(�) suh that:

AlphaBeta(�; �; �) =

��

x =

��

y
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Proof. Se l'algoritmo termina allora visita una parte �nita dell'albero di gioo

(eventualmente in�nito). Proediamo dunque per induzione strutturale sulla parte

visitata. Analizzeremo solo i asi in ui la posizione � 2 WPOS, vale a dire le

posizioni del gioatore, essendo failmente riostituibili, per dualit, le prove per le

posizioni dell'avversario.

Base induttiva. L'algoritmo visita un solo nodo, la radie, e termina restituen-

do il valore v 2 D. Ci sono due asi possibili:

� Il nodo terminale

) v = h(�) dunque x = h(�) 2 SetOfV al

pess

(�) and y = h(�) 2 SetOfV al

opt

(�)

veri�ano banalmente l'uguaglianza modulo �� on v.

� Il nodo stato tagliato immediatamente a ausa del veri�arsi della ondizione

� " h

pess

(�) � �

) v = � " h

pess

(�). Siano x = h

pess

(�) 2 SetOfV al

pess

(�) and y = h

opt

(�) 2

SetOfV al

opt

(�). Per il lemma 1 si ha he � " [� # v℄ = � " [� # (� " h

pess

(�))℄ =

� " [� # h

pess

(�)℄ = � " [� # x℄ = (�) dunque v =

��

x. Inoltre, essendo � "

h

pess

(�) � � ho he (�) = � " �. Riordando he h

pess

(�) � h

opt

(�), ho per

monotonia di " he anhe � " h

opt

(�) � � per ui � " [� # y℄ = � " [� # (� "

h

opt

(�))℄ = � " �. Vale a dire v =

��

y.

Induzione strutturale. Dans la position �, on suppose que l'algorithme ait

analys n oups du joueur parmis les m disponibles (m � n) avant de terminer

et renvoyer son rsultat. On prode par indution sur n.

� Cas n = 1

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

π

π m
π

1π
2

v = AlphaBeta(�; �; �) = � " h

pess

(�) " AlphaBeta(�

1

; v

0

; �) (�) o v

0

=

� " h

pess

(�). Par hypothse d'indution struturelle on sait qu'il existe x

1

2

SetOfV al

pess

(�

1

) and y

1

2 SetOfV al

opt

(�

1

) suh that:

AlphaBeta(�

1

; v

0

; �) =

v

0

�

x

1

=

v

0

�

y

1

e qui signi�t, etant �

1

2 BPOS une position de l'opposant, que

� # [v

0

" AlphaBeta(�

1

; v

0

; �)℄ = � # [v

0

" x

1

℄ = � # [v

0

" y

1

℄ (��)

On distingue maintenant entre deux auses de terminaison de l'algorithme: le

as n = m = 1 (tous les oups valus) et le as n = 1 < m (oupure).

� Cas n = m = 1

9



On de�nit les aproximations: x =" x

1

= x

1

et y =" y

1

= y

1

. Par d�nition

x 2 SetOfV al

pess

(�) et y 2 SetOfV al

opt

(�). Don :

� " [� # v℄ = � " [� # (v

0

" AlphaBeta(�

1

; v

0

; �))℄ = � " [� # (� " h

pess

(�) " x

1

)℄

(�) (��)

= � " [� # (h

pess

(�) " x)℄ = � " [� # x℄

x=x

1

^L1 h

pess

(�)�x

A noter que la ondition h

pess

(�) � x est garantie par l'hypothse que h

pess

soit

une heuristique monotone pessimiste. De la mme faon :

� " [� # v℄ = � " [� # (v

0

" AlphaBeta(�

1

; v

0

; �))℄ = � " [� # (� " h

pess

(�) " y

1

)℄

(�) (��)

= � " [� # (h

pess

(�) " y)℄ = � " [� # x℄

y=y

1

^L1 h

pess

(�)�y

La ondition h

pess

(�) � y est garantie par l'hypothse h

pess

(�) � h

opt

(�) qui

fait que n'importe quelle approximation pessimiste sera infrieure ou gale n'importe

quelle autre optimiste (prop. ...).

� Cas n = 1 < m

Si l'algorithme a oup les m� 1 oups restants, 'est que la ondition v

0

" v

1

� �

o v

1

= AlphaBeta(�

1

; v

0

; �) tait vri�, e qui implique que � " [� # v℄ = � " [� #

(v

0

" v

1

)℄ = � " �. On de�nit les aproximations: x = x

1

" x

0

1

o x

0

1

= h

pess

(�

2

) "

: : : " h

pess

(�

m

) et y = y

1

" y

0

1

o y

0

1

= h

opt

(�

2

) " : : : " h

opt

(�

m

). Par d�nition

x 2 SetOfV al

pess

(�) et y 2 SetOfV al

opt

(�). Pour l'aproximation x, nous avons

que :

� " [� # x℄ = � " [� # (� " x)℄ = � " [� # (� " h

pess

(�) " x)℄

Lemma 1 h

pess

(�)�x

= � " [� # (v

0

" x

1

" x

0

1

)℄ = � " [� # (v

0

" x

1

)℄ " [� # x

0

1

℄ = � " [� # (v

0

" v

1

)℄ " [� # x

0

1

℄

distrib: (��)

= � " � " [� # x

0

1

℄ = � " �

v

0

"v

1

��

�#x

0

1

��

En utilisant le fait que h

pess

(�) � y, etant y une aproximation optimiste, on

demontre que � " [� # y℄ = � " � ave exatement les mmes passages logiques.

� Cas n > 1

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

π

π

ππ1 n

n+1

m

π
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Si on onsidre une position �tive �

0

ayant tous et seuls les premier n� 1 oups

de �, et un'autre position �tive ayant seulement le n-eme oup, par d�nition de

l'algorithme on pourra erire que:

v = AlphaBeta(�; �; �) = AlphaBeta(�

0

; �; �) " AlphaBeta(�

00

; v

1

; �) o v

1

=

AlphaBeta(�

0

; �; �) et en onsiderant h

pess

(�

0

) = h

pess

(�

00

) = h

pess

(�). Par hy-

pothse d'indution on sait qu'ils existent x

0

2 SetOfV al

pess

(�

0

) and y

0

2 SetOfV al

opt

(�

0

)

suh that:

AlphaBeta(�

0

; �; �) =

��

x

0

=

��

y

0

et, aussi, qu'ils existent x

00

2 SetOfV al

pess

(�

00

) and y

00

2 SetOfV al

opt

(�

00

) tels

que:

AlphaBeta(�

00

; v

1

; �) =

v

1

�

x

00

=

v

1

�

y

00

� " [� # v℄ = � " [� # (v

1

" AlphaBeta(�

00

; v

1

; �))℄ = � " [� # (v

1

"

AlphaBeta(�

00

; v

1

; �))℄ =

= � " [� # (v

1

" (� # AlphaBeta(�

00

; v

1

; �)))℄ = � " [� # (v

1

" (� # x

00

))℄ = � "

[� # (v

1

" x

00

)℄ =

= � " [� # v

1

℄ " [� # x

00

℄ = � " [� # x

0

℄ " [� # x

00

℄ = � " [� # (x

0

" x

00

)℄ = (�)

Ave les mme arguments on dmontre que � " [� # v℄ = � " [� # (y

0

" y

00

)℄ = (��)

On distingue maintenant entre deux auses de terminaison de l'algorithme ap-

pliqu la position �: le as n = m (tous les oups valus) et le as n < m (oupure).

� Cas n = m

Les oups de � sont exatement la somme des oups de �

0

et eux de �

00

. Don,

en d�nissant les aproximations: x = x

0

" x

0

et y = y

0

" y

00

on aura que x 2

SetOfV al

pess

(�) et y 2 SetOfV al

opt

(�) et on aura don la thse par les onditions

(�) et (��).

� Cas n < m

Si l'algorithme a oup les m�n oups restants, 'est que la ondition v

0

" v

1

� � o

v

0

= AlphaBeta(�

0

; �; �) tait vri�, e qui implique que � " [� # v℄ = � " [� # (v

0

"

v

1

)℄ = � " �. On de�nit les aproximations: x = x

0

" x

00

" x

000

o x

000

= h

pess

(�

n+1

) "

: : : " h

pess

(�

m

) et y = y

0

" y

00

" y

000

o y

000

= h

opt

(�

n+1

) " : : : " h

opt

(�

m

). Par

d�nition x 2 SetOfV al

pess

(�) et y 2 SetOfV al

opt

(�). En utilisant la proprit

distributive et les onditions (�) on obtient que :

� " [� # x℄ = � " [� # (x

0

" x

00

" x

000

)℄ = � " [� # (x

0

" x

00

)℄ " [� # x

000

℄ = � " [� #

v℄ " [� # x

000

℄ =

= � " � " [� # x

000

℄ = � " �. Ce dernier passage pare-que � # x

000

� �. Ave les

mmes passages, mais en utilisant la (��), on obtient aussi que � " [� # x℄ = � " �.

4 D�nition du jeu de la programmation logique

On donne les rgles du jeu pour la programmation logique ave ontraintes, qui in-

lus le as de la programmation logique lassique (ontraintes de Herbrand). Ave

le langage de ontraintes C, on suppose avoir une operation de base, l'intersetion

de ontrainte, que l'on notera ave le symbole ^. Dans le as des termes de Her-

brand, il s'agirat de l'mgu (Most General Identi�er). On suppose aussi que la

relation d'impliation logique ) entre ontraintes donne au langage C une stru-

ture algbrique d'ordre partiel. On supposera aussi l'existane de la ontrainte true

representant la ontrainte vide (pas de ontraintes).
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4.1 Rgles du jeu

Il s'agit d'un jeu a�etation statiques des Blans et des Noirs qui jouent alterna-

tivement.

4.1.1 Positions

L'ensemble des positions � 2 POS est d�nit par la syntaxe :

� ::= (A; ) j [G; ℄

o G est un but onjontif (positif), A un atome (positif) et  appartient au

langage � des ontraintes.

Il s'agit, dans l'ordre, des positions disjointes des Blans WPOS et des Noirs

BPOS. La notation des parenthses rondes et retangulaires suit la onvention, dans

la thorie des jeux ombinatoire, de reprsenter graphiquement les arbres de jeu ave

des noeuds rond pour (le joueur qui prend) les Blans et des noeuds retangulaires

pour (le joueur qui prend) les Noirs.

Puisque l'a�etation des ouleurs est statique nous dirons que le \Joueur" est

elui qui prend les Blans et l"'Opposant" est elui qui prend les Noirs.

4.1.2 Positions initiales

Le jeu peut dmarrer dans une quelonque position des Noirs, o la partie ontrainte

est la ontrainte vide (i.e. auune ontrainte). L'ensemble IPOS est don d�nit

par la syntaxe :

� ::= [G; true℄

4.1.3 Coups des Blans

Dans une position (A,) les Blans ont autant de oups que de (renommages de)

rgles logiques du programme P du type :

A 

0

j A

1

; A

2

; :::; A

n

telles que  ^ 

0

soit satisfaisable dans l'algbre de ontraintes du langage �. Un

oup de la sorte onduit le jeu vers la position (des Noirs) [(A

1

; A

2

; :::; A

n

);  ^ 

0

℄.

4.1.4 Coups des Noirs

Dans une position [(A

1

; A

2

; :::; A

n

); ℄ les Noirs ont autant de oups que de atomes

A

i

. Chaun de es oups onduit, respetivement, dans les positions (des Blans)

(A

i

; ).

4.2 Smantique du jeu CLP(�)

Le jeu d�nit i-dessus admet des arbres de jeu in�nis, don l'valuation doit tre d�nie

par la tehnique des approximations �nies, pessimistes et optimistes, de la valeur du

jeu. Les d�nitions qui suivent reprsentent une simple instane des d�nitions gnrales

pour tout jeu deux joueurs.
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4.2.1 Domaine d'valuation

tant donn le langage des ontraintes C sur l'algbre � le domaine d'valuation d'un

arbre de jeu est l'ensemble des parties de C :

D = 2

C

L'ordre partiel � sur D est l'extension \overing" [Fages 94℄ de l'ordre \impli-

ation logique" d�nit sur les ontraintes :

d

1

� d

2

ssi 8

1

2 d

1

9

2

2 d

2

t:q: 

1

) 

2

Un ensemble de ontraintes orrespond la disjontion des ontraintes qu'il ontains,

don reprsente enore un espae de valeurs dans l'algbre �. Dans e sens, un

ensemble de ontraintes est \meilleur" si l'espae qu'il dnote est plus large ou, en

d'autres termes, si l'espae qu'il dnote \ouvre" les autres.

4.2.2 valuation des positions terminales

La fontion d'valuation des noeuds terminaux h : TPOS ! D est d�nie par :

h (A; ) = ;

h [}; ℄ = 

o } est le but vide.

4.2.3 Fontions des joueurs

Les Blans fonts l'union ensembliste, tandis que les Noirs fonts la onjontion des

ontraintes (i.e. l'intersetions des espaes dnots) tendue aux ensembles de on-

traintes.

"; #: D ! D

"= [

#= ^

o 8d

1

; d

2

2 D d

1

^ d

2

= f

1

^ 

2

j 

1

2 d

1

; 

2

2 d

2

g.

Les deux fontions sont videmment monotones pour l'ordre d�nit sur D.

4.2.4 Heuristiques pessimiste et optimiste

Pour toute position non terminale � = (A; ) ou � = [G; ℄ les fontions d'approximations

sont d�nies par :

h

pess

(�) = ;

h

opt

(�) = fg

Il s'agit bien de heuristiques monotones : soit � une position non terminale

quelonque, partir de laquelle le jeu peut voluer dans l'ensemble des positions

f�

1

; �

2

; �

3

g, alors :

� l'union ou la onjontion des h

pess

(�

i

) ne peut en auun as tre infrieure

h

pess

(�) qui est l'ensemble vide

� l'union ou la onjontion des h

opt

(�

i

) = f

i

g ne peut en auun as tre suprieure

h

opt

(�) = fg puisque, par d�nition des rgles du jeu, soit 

i

=  (� est une

position de l'Opposant), soit 

i

=  ^ 

0

i

(� est une position du Joueur et �

i

orrespond l'appliation d'une rgle logique ontenant les ontraintes 

0

i

). Dans

les deux as, l'union et la onjontion des f

i

g sont ouvertes par fg = h

opt

(�)
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4.3 Exemple

Considerons le programme logique (lassique) :

1. p(f(Y)).

2. p(X) :- q(X),r(X).

3. q(f(a)).

4. q(f(f(a))).

5. r(X) :- ...

et, en e qui onerne les rponses d'un but, onsiderons de travailler ave les

ex-equations (voir [Marriot et al.℄) au lieu des substitutions idempotentes.

Il est simple de vri�er que les fontions "= [ et #= ^ assois aux joueurs vri�ent

les hypothses du thorme de orretion d'Alpha-Bta, qui peut don tre utilis pour le

alul. Dans l'exemple, ave le but p(X) nous pouvons observer que aprs avoir utilis

la rgle 1. et obtenus la rponse 9Y:X = f(Y ) il est inutile de tenter d'avoir mieux en

utilisant la rgle 2. E�etivement la rgle 2. oblige trouver des rponses pour q(X),

qui seront fX = f(a); X = f(f(a))g. Puisque l'intersetion de ontraintes (l'mgu

entre ex-equations) rend un rsultat qui est infrieur ou gal ses arguments, nous

pourrons pas exprer avoir quelque hose de mieux que fX = f(a); X = f(f(a))g.

Et sans avoir aluler les reponses pour r(X) nous pourrions observer que la rgle

2. ne pourra donner mieux que e qu'on avait deja obtenu per ailleur, ave la rgle

1. Ce raisonement peut expliquer le omportement de la proedure AlphaBeta

qui oupera le oup orrespondant au sous-but r(X) et terminera ave la rponse

f9Y:X = f(Y )g:

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

∃{  Y.X=f(Y)}

∃{  Y.X=f(Y)}

1.

3. 4.

{X=f(a)} {X=f(f(a))}

p(X)

2.

α=

β={X=f(a),X=f(f(a))}

q(X) r(X)
Cut (      )β<=α

L'exemple qui suit montre le as des oupures dans les noeuds du joueur :

1. p(X,Y,Z) :- q(X,Y),r(X,Z).

2. q(a,b).

3. r(a,Z).

4. r(X,Z) :- ...

Pour le but p(X;Y; Z) on utilisera la rgle 1. Aprs avoir valu le sous-but q(X;Y )

qui a�ete la variable X = a on utilisera la rgle 3. pour rsoudre r(X;Z). Etand

donn la rgle 3. nous pourrons dej assur une reponse ompatible ave X = a et,

en plus, qui n'a�ete pas la variable Z. En d'autre terme nous ne pourrions pas

demander plus la rsolution de r(X;Z) etant donn que X = a sera oblig par la

14



rsolution de q(X;Y ). La rsolution de r(X;Z) nous donne deja le maximum ompte

tenu du ontexte et don on peut arreter la rsolution sans prendre en ompte la

rgle 4. Enore une fois ei e traduit, en onsiderant l'exeution d'AlphaBeta, en

disant qu'il survient une ondition d'elagage � � �:

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

p(X,Y,Z)

Cut (      )
3. 4.

α>=β

{X=a}

r(X,Z)

q(X,Y)

α={X=a}

β=

{X=a & Y=b}

{X=a & Y=b}
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